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Problems in unbounded domains

• Acoustic scattering
(Helmholtz equations)

• Electromagnetic scattering
(Maxwell equations)

• Eddy current models

• Plate bending
(Harmonic Bilaplacian)

• Fluid mechanics
(Stationary Stokes problem)
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Acoustic scattering problems


∆u + k2u = 0 in Ω∞

∂u

∂ν
= f on Γ

Sommerfeld Radiation Condition

(1)
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Transparent boundary conditions

• Approximated boundary conditions Local B.C.

• Radiation condition at finite distance
(Bayliss-Turkell, Bendali-Halpern, ... )

• Infinite elements
(J.Emson, ...)

• M.E.I method
(K.K.MEI, F.Collino)

• Higher order boundary conditions
(Enguist-Majda, F.Collino, D.Givoli)
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Transparent boundary conditions

• Exact boundary conditions: Non Local B.C.

• Integral equations
(Johnson-Nedelec, Joly-Kern, Hamdi, Bendali, ...)

• The method coupling finite elements and integral equations
(Nédélec, Bendali, ...)

• Perfectly Matching Layer
(Beranger, Bécache-Bonnet Bendhia, ...)

• Dirichlet to Neumann boundary condition
(Morgan-Mei, Lenoir-Tounsi, ...)

• The method coupling finite elements and integral representation
(Jami-Lenoir, Liu-Jin, ...)
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The method coupling finite elements and integral
representation (CEFRI)


∆u + k2u = 0 in Ωi

∂u

∂ν
= f on Γ(

∂

∂ν
+ λ

)
u = Tλu on Σ

(2)

(Tλu)(x) =
∫

Γ

u(y)
∂K

∂ν
(x− y)− ∂u

∂ν
K(x− y)dγ (3)

K(x− y) =
(

∂

∂νx
+ λ

)
G(x− y), Im(λ) 6= 0 (4)
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CEFRI = Domain decomposition method with
overlapping


∆u + k2u = 0 (Ωi)
∂u

∂ν
= f (Γ)(

∂

∂ν
+ λ

)
u =

(
∂

∂ν
+ λ

)
v (Σ)



∆v + k2v = 0 (Ωi ∪ Ωe)

[
∂v

∂ν
] =

∂u

∂ν
(Γ)

[v] = u (Γ)

Sommerfeld Radiation condition

v =
∫

Γ

u(y)
∂G

∂ν
(x− y)− ∂u

∂ν
G(x− y)dγ (Σ)(

∂

∂ν
+ λ

)
v = Tλu(x) =

∫
Γ

u(y)
∂K

∂ν
(x− y)− ∂u

∂ν
K(x− y)dγ (Ωi ∪ Ωe)
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The method coupling finite elements and integral
representation (CEFRI)

• The variational formulation:{
Find u ∈ H1(Ωi), u 6= 0 such that
a(u, v)− c(u, v) = lΓ(v)− lΣ(v), ∀v ∈ H1(Ωi),

a(u, v) =
∫

Ωi

(
∇u(x)∇v(x)− k2u(x)v(x)

)
dx− ik

∫
Σ

u(x)v(x)dσ(x)

c(u, v) =
∫

Σ

v(x)
( ∫

Γ

u(y)∂nK(x− y)dγ(x)
)
dσ(x)

lΓ(v) =
∫

Γ

f(x)v(x)dγ(x),

lΣ(v) =
∫

Σ

v(x)
( ∫

Γ

f(y)K(x− y)dγ(x)
)
dσ(x)

• Finite element discretization - The linear system:

(A− C)U = F
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Remarks about the CEFRI method

• A reduced Computational domain.

• No singularities in the Green kernal.

• A Full block : Σ and Γ are coupled

• The matrix (A-C) is complex, non hermitian and ill-conditioned
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The Schwarz method :Overlapping decomposition
method


∆un+1 + k2un+1 = 0 (Ωi)
∂un+1

∂ν
= f (Γ)

∂un+1

∂ν
+ λun+1 =

∂vn

∂ν
+ λvn (Σ)



∆vn+1 + k2vn+1 = 0 (Ωi ∪ Ωe)

[
∂vn+1

∂ν
] =

∂un+1

∂ν
(Γ)

[vn+1] = un+1 (Γ)

Sommerfield Radiation Condition

vn+1 =
∫

Γ

un+1(y)
∂G

∂ν
(x− y)− ∂un+1

∂ν
G(x− y)dγ (Σ)(

∂

∂ν
+ λ

)
vn+1 = Tλun+1(x)
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The Schwarz method



∆un+1 + k2un+1 = 0 in Ωi

∂un+1

∂ν
= f on Γ

∂un+1

∂ν
+ λun+1 = Tλun on Σ

(5)

• Finite element discretization - Linear system:

(A− C)U = F → AUn+1 = CUn + F

• Convergence result:

• Convergence only if ρ(A−1C) < 1.

• This condition is satisfied if Σ is sufficiently far from Γ.
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CEFRI preconditioned by Schwarz method

• Initial linear system:

(A− C)U = F

• After preconditionning by A

(INΩ
−BΩ)U = A−1F.

BΩ = A−1C = B1B2

Where B1 = A−1P t
ΣMΣ (NΩ rows, and NΣ columns)

and B2 = GnMΓPΓ (NΣ rows and NΩ columns).
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The Steklov-Poincaré interface equation

• We introduce an auxilary unknown defined on Σ:

ϕ = Tλu, on Σ. (6)

(∂n − ik)u = ϕ on Σ. (7)

• Variational formulation of the problem on u: Find u ∈ H1(Ωc), u 6= 0 such that

a(u, v)−
∫

Γ

ϕ(x)v(x)dγ(x) = lΓ(v), ∀v ∈ H1(Ωc),

• Finite element discretization - Linear system:

AU − P t
ΣMΣΦ = FΓ

Φ = GnMΓPΓU −H.
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The Steklov-Poincaré interface equation

• The reduced equation on Σ:

(INΣ
−BΣ)Λ = Λinc (8)

where BΣ = B2B1 (9)

• Convergence result:

• Remark: Except eventually for the eigenvalue 0, BΩ = B1B2

and BΣ = B2B1 have the same eignenvalues, with the same
multiplicity. They have eventually few eigenvalues out of the
unit disk.

• The GMRES method applied to (INΣ
−BΣ) and to (INΩ

−BΩ)
converge.
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Numerical results

Domain : cav01

d NBEL NΩ NΣ h

0.1 1251 734 88 0.06

The numerical results are obtained thanks to MELINA, a finite elements code
(D.Martin, Rennes).
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k=1, Eigenvalues of BΩ = BΣ = A−1C

– Typeset by FoilTEX – 19



Convergence of GMRES (Steklov equation) and Schwarz method
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Domain: cav02

d NBEL NΩ NΣ h

0.1 543 403 134 0.06
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k=1, Eigenvalues of BΩ = BΣ = A−1C
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Convergence of GMRES
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Domain : mai2

Zoom

d NBEL NΩ NΣ h

0.01 2630 1963 656 0.005
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k=1, Eigenvalues of BΩ = BΣ = A−1C
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Convergence of GMRES
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k=62, Eigenvalues of BΩ = BΣ = A−1C
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Convergence of GMRES
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